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Ticred graphs

The main results in this talk is from the following article:

Fengming Dong and Sherry H.F. Yan, Proving identities on weight
polynomials of tiered trees via Tutte polynomials,
J. Combin. Theory Ser. A 193 (2023), 105689.

hitps://doi.org/10.1016/].jcta.2022.105689 Rules for tiered graphs:

(a) Vertices are denoted by positive integers and located in tiers;
(b) Vertices in the same tier form an independent set; and
(c)If uv € Eand u > v, then u is in a higher tier than v.
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A resident building Each tiered graph has a tiering map ¢

A tiered graph G = (V,E) with m > 2 tiers is a simple graph
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For this example
[1]2]3]4]5]6
ti)|2]1[3[3]2]3

t is called a tiering map, which decides the tier in which each
vertex i in G is located.
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Connection to other combinatorial objects

» If a tiered graph is a tree, it is called a tiered tree.

» the regions of the Linial hyperplane arrangement (the
affine arrangement in R" defined by the equations
Xj — Xj =1,1 §Z<]§ T’l),'

» The concept of tiered trees was introduced by Dugan et al.
in 2019 who generalized the concept alternating trees
introduced by Postnikov in 1997.

> A treeis called a1 alternatin g tree if for each path » local binary search trees (labeled plane binary trees with
the property that every left child has a smaller label than

X1X7 ... Xy, either
its parent and every right child has a larger label than its

X1 < Xp >X3 < X4 >X5---

parent);
or
X1 > xp < X3 > x4 < X5 » semiacyclic tournaments (directed graphs on the set
{1,...,n} such that in every directed cycle, there are more
» Any path in a tiered graph with 2 tiers is an alternating edges (i, j) with i < j than with i > j).
path.
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Complete tiered graphs Complete tiered graphs

A tiered graph G with a tiering map t is complete if

u<v, H(u) < tlv) = uv € E(G).

(a) Tiered tree T (b) Tiered graph G = Kt

Note that the tiered graph G is determined by T, denoted by K.

(a) not complete (b) complete K7 is the completed tiered graph obtained from T by adding
some new edges.
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Counting Tiered trees

» Two tiered graphs Gy and G are different if either
E(G1) # E(Gy) or G; and G, have different tiering
functions.

Countin g prob lem S J » Let T, be the set of tiered trees with n vertices and m

tiers.

> Postnikov (1997): [Tzl = ——= ¥ ()K" L.
k>1

» Dugan et al. (2019):

m n—1
1 n ,
[ T,m| = P Z (klf' - /km> (Z(mz)ki> :
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The set 7T, of tiered trees Open problems

For any ordered partition p = (p1,- - -, pm) of n, let 7;, be the

. Problem:
set of tiered trees with exactly p; vertices in tier 1. oble

Given a partition p = (p1,p2, - - - ,Pm) of 1, find an expression for

Exactly 5 tiered trees in 75 ): | Tplin terms of p1,pa, - -+, pm-

o\%/o\% o\%/o\% Special case:
3 4 3 4 2 4
2 L2 Sl 3 Problem:
(a) ®) © Given any partition p = (p1,p2) of n, determine || in terms of p

and py.
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and 7, have the same size

» Sherry H.E. Yan, Danna Yan, Hao Zhou (DM, 2020):

For any ordered partition p = (p1,p2, -+, pm) of n, [Tpl = |Tr(p)l . .
holds for any permutation of 7t of 1,2, - - ,m, where ’ Welght w ( T) Ofﬂ tZBTEd tree T J

7t(p) = (Pr(1) Pr@)r " +Pr(m))-

> For example, [7(13)| = [T(321)l-

» In other words, for any partition p = (p1,p2, - -+ ,pm) of 1,

7ol is independent of the order of py,p2, - - -, pm-
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More details than |Ty| = |7,

w(T): the Weight of a tiered tree T. Assume that
We shall prove that T(a,b,c) has 40 tiered trees T(b,c.0) has 40 tiered trees
For any partition p & n, permutation 7t,and i = 0,1,2, ..., wT)|0]1]2]>3 wT) |[0][1]2]>3
No.T[10|12[18 | 0 No.T |10 |12[18 ] O
HT € Tp: w(T) = i)l = [T € Ty : w(T) = i}l.
Equivalently,

Equivalently, it is to prove the following identity: Z yw(T) =10+ 12y + 18y* = Z yw(T)

S D) — 3 (D), TETy T€T(p)

TeT, TGTn(p)
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Externally active edges

G: a connected graph with a Weight function U on E(G),
which is a real and injective function.

u provides an order for edgesin G.
T is a spanning tree of G.

For any edge e € E(G) \ E(T), I 4 ¢ has a unique
CYCle, denoted by Cr(e), with respect to T.

For e € E(G), e’is said to be externally active in G with

External activity of T in G, denoted by eac(T): the number of J
respectto T, if e ¢ E(T) and

externally active edges in G with respect to T.

ea(T) = 1 for the above example, since edge U506 With

weight 1 is the only externally active edge in G with respect
toT.

) <u(e’), Ve €E(Cr(e)).

Dong FM (NTU) Study on tiered trees Dong FM (NTU) Study on tiered trees




Weight function u for tiered graphs The weight w(T) of a tiered tree T

For each tiered graph G, the edges in G are ordered
lexicographically by their endpoints. Let T be a tiered tree with tiering map f. The We1ght

ZU(T) is the number of I — ] paths P in T such that

(1)i < vforeachv € V(P)\{i};

) IV(P)| = 3;

(3) t(j) > t(i); and

(a) Tiered tree T (b) Tiered graph G = K .
&P ! @k > ], where k is the
Thus, for the above tiered graph G, neighbor of i on path P.
n(1,3) < p(1,4) <u(1,6) <u(2,3) <u(2,5) <u(2,6) <ub5,6).
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Equivalent conditions

For a tiered tree T, w(T) is equal to the external activity of T in Kr:

L (1)i < vforeachv € V(P)\{i};

g; |‘(/§ )l >()3;and w(T) = eag,(T).
......................................... J @)k > ] where k is the

neighbor of i on path P.

For the following tiered tree T, w(T) = eag, (T) = 1.

The following statements are equivalent:
(a) path P satisfies conditions (1)-(4) above;
(b) u(i,j) < p(u,v) for each edge (u,v) on P;

(c) edge (i,]) is externally active in Kt with respect T.
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Weight w(T) for T € T2,

Determine the weight w(T) for each tree T in 75 ):

:\%/:\% :\%/:\% ) Problem on the weight polynomial Py (y)
0 T S T S
(a) (b) (c)

w(T) = 1 for only one tree T above, w(T) = 0 for all other trees.
w(T) = 1 for which tree T?

w(T) = 1 for the tree T on the bottom of (a).
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The weight polynomial P, (vy) Problem asked by Dugan et al

» For any ordered partition p = (p1,- - - ,pm) of n, the Problem
weight polynomial for trees in 71, is defined as Is there an elementary proof of the identity below for any
partition p = (p1, - - - ,pm) and any permutation 7t of
Po(y) = > y“7. 1,2,---,m,
TeT, Pp(y) = Pr(p)(y)

ie.,

» Since w(T) = eak,(T), Z y(0) = Z y*(M7

Py (y) = Z yeaKT(T). TeTp TeTrp) )
TeTp For example, proving the following identity:
» For example, if p = (2,2), then P, (y) =y + 4. P(12345) (y) =P (5,4,3,2,1)(y ).
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Transferred to Tutte polynomial Tutte polynomial Ts(x, y)

> For any ordered partition p = (p1,- -, pm) of n. It is named after William Tutte (1917-2002).
» Let CGp be the set of completed tiered graphs G with Let G = (V,E) be a undirected graph.
tieri t such thatt1(i) = p, fori=1,--- ,m.
fering map ¢ such that 72(i) = p; for " For any A C E, let k(A) denote the number of
> Let CG}, be the set of connected graphs in CGy,. Components of the spanning subgraph (V, A).
» The weight polynomial can be transferred to The Tutte polynomial of G is defined as
=Y D= Y Ty To(vy) = Y (x— 1A HE G —1)aarie
TeTp GeCgs, ACE
— Z xia(T)yea(T)
where Tg(x,y) is the Tutte polynomial of G: TeSTG
Tc(x,y) % X where ia(T) is the internal activity of T.
TeST g
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Transfer of the problem

For any partition p = (p1, - - - , pm) and any permutation 7t of
]_, 2, cee,m

Pp(x) = Pr(p)(x)

Equivalent problem on Tutte polynomial T

For any partition p = (p1, - - - , pm) and any permutation 7t of
]_, 2’ cee,m

> TeLy)= ) Tcly

GeCgy GECQC

where CG}, is the set of connected complete tiered graphs with
tier partition p.
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Approach

» Sufficient to prove

for any permutation 7t of 1,2, - - - ,m which exchanges i and i + 1
only, where 1 <i < m:

> Te(Ly)= ) To(lLy).

GGCQ; GECQ;(P)

» The total number of spanning trees of graphs in the set
CGp, is equal to the number of total number of spanning
trees of graphs in CG7 .
But |CG,

# gt forsome p, e, €65 | > €51y |-
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TG(]., y) fOl‘ G 6 CgC2’1,1

Sum = y? + 5y + 11
1 y+3

» Let H be a multiple graph and Q be a tiered graph, with
the possibility that V(H) N V(Q) # @.

» H U Q is defined to be the multi-graph with vertex set
V(H)UV(Q) and edge set E(H) UE(Q),

where any edges e; € E(H) and e, € E(Q) are two
different edges in H U Q even if ¢; and e; join the same
pair of vertices.

> Thus, [E(HUQ)| = [E(H)| + [E(Q)!.
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Approach of solving the problem

J
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The set of graphs in CGy; ,(H) H and graphs in CGg 234 (31

)
» Let U be any subset of [1n], p = (p1,p2) and p’ = (p2, p1),
where p1 +p> = |U].
1 2 4
> Let CGyp be the set of complete tiered graphs Q with H

tiering map ¢ : U — {1,2} such that t (i) = p, fori = 1,2.

> Given any graph H, let CG{; ,(H) be the set of connected

graphs H U Q, where Q € CGy p.
Fours graphs in CG (1,23,4),(3,1)

Dong FM (NTU) Study on tiered trees Dong FM (NTU) Study on tiered tree

Only two graphs in CGf 55 41 (31 Three graphs in CGy; 5 541 (1 3(

Tc(l,y) = y* +3y+3 Tc(lLy) =y +3 Tc(ly) =y*+3y+4 Te(Ly) =y +1
2 3 4

disconnected disconnected disconnected

) To(1,y) = y* + 4y + 6. S Tc(1l,y) = y* + 4y + 6.
GeCG{1p54,31) (H) GeCGl1 034,013 (H)
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An extension

Uc [nl, p= (pr,p2) and p’ = (p2,p1), where py +ps = [U.
Dong and Yan (2022):
For any multi-graph H,

Y Ty = Y Te(Ly). Main idea )

GEeCGyp(H) GeCGCL,,P,(H)

It implies that

For any ordered partition p = (p1,- - - , pm) and any permutation 7t
of 1,2, -- ,mexchanging i and j only, where1 <i <j<m:

> Te(Ly)= Y  To(Ly).

GECQ; GGCQ%(F)
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The dual graph of a 2-tier graph The dual graph of a tiered graph

If G is a tiered graph with components Gy, G, . .., G, then the
dual g Tﬂph of G is defined to be the tiered graph with

5 7 8 4 6 7 8
m W components Gy, G}, - - -, GJ.
2 3 4 6 2 3 5

T its dual graph T’

G is a connected tiered graph with vertices x1,xy, - - - , x5, where

x1 < xp < --- < xs5,and a tiering map t : V(G) — {1, 2}. G G/
The dual graph of G, denoted by G’, has vertex set V(G), tiering

map t’': V(G’) — {1,2} with t/(x,) = 3 —#(xs11,) for all For a 2-tier graph G, G' = G and V(G;) = V(G/) for each
r=1,2,---,s,and edge set component G; of G,

{xixj : xs41-iXs41—j € E(G), 1 <i<j<sh but it is not true that G is complete if and only if G is.
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Correspondence of spanning trees Example
6 7 5 10 3 9 6 5 10 2
O O O
For any graph W and 2-tier forest F, W U F 1S a tree if and only xé v m
if WU F'is a tree. o o o
i 4 2 8 i1 7 3 4 8 9

. /
Thus, F its dual F
WUF = WUF’is a bijection from 6es7 5es10 3 9
1, o3
U STc to U STc ! e
Gecg&(m:f’z)(H) GECQC U (py, Iﬂ1)(H) o 1 4 2 8
WUF WUF’
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Different weight functions y; and yp, | Conclusion after Conflrmmg up and pp
Note that
Next target: To find weight functions p; on o
E(H)U U EG)andwonEH)U U  E(G) > Te(Ly) = > >y
GECTU,(py 1) GECGu, ) GECTY, (1 o) (H) GECGS ., ) (H) TESTG
such that for any tree W U F, where W C H, F C G, and and
G e CGyy
(p2p1) Z Tce(l,y) = Z Z yeayz(T)
GeCqy; U (o, pl)(H) Gecgcu,(pz,pl)(H) TeST;

the external activity of WU F in H U G with respect to jiq

= As pq and up have the above property;,

To(Ly)= ) To(Ly)

Note that Kp; may be different from the dual G’ of G. GECGY, () () GECGY, (pyp) (H)

the external activity of W U F’ in H U K with respect to p5. Z

The main result then follows.
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Thanks for your attendance

» Fengming Dong and Sherry H.F. Yan, Proving identities
on weight polynomials of tiered trees via Tutte
polynomials, JCTA 193 (Jan 2023), 105689.

» Sherry H.E. Yan, Danna Yan, Hao Zhou, A bijective
enumeration of tiered trees, Discrete Math. 343 (2020),
111983.

Email: fengming.dong@nie.edu.sg

» William Dugan, Sam Glennon, Paul E. Gunnells, and
Einar Steingrimsson. Tiered trees, weights, and g-Eulerian
numbers. J[CTA 164 (2019), 24—49.

» Alexander Postnikov. Intransitive trees. J[CTA 79(1997),
360-366.
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