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Abstract

A vertex set X of a digraph D = (¥, 4) is a kernel if X is independent (i.e., all pairs of distinct
vertices of X are non-adjacent) and for every v € F-X there exists x € X such that yx € 4. A
vertex set X of a digraph D = (¥, 4), is a quasi-kernel if X is independent and for every v € V-
there exist w € V-X, x € X such that either vx € 4 or vw, wx € 4. In 1974, Chvatal and Lovas;
proved that every digraph has a quasi-kernel. In 1996, Jacob and Meyniel proved that if a
digraph D has no kernel, then D contains at least three quasi-kernels. We characterize digrapl
with exactly one and two quasi-kernels, and, thus, provide necessary and sufficient condition
a digraph to have at least three quasi-kernels. In particular, we prove that every strong digrap
order at least three, which is not a 4-cycle, has at least three quasi-kernels.

Definition 1
A vertex set X of a digraph D = (V, A4) is a kernel if X is

independent and for every v € V' — X, there exists x € X,
such that vx € A4.

Definition 2

A vertex set X of a digraph D = (V, A) is a quasi-kernel
if X is independent and for every v € V' — X, there exist
w € V=X, x € X, such that either vx € 4 or vw, wx €
A.

Theorem (Chvatal & Lovasz, 1974)
Every digraph has a quasi-kernel.

Theorem (Jacob & Meyniel, 1996)

If a digraph D has no kernel, then D has at least 3 quasi-
kernels.
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Lemma 2.1 Let x be a vertez in a digraph D. If = is a non-sink, then D has a quasi-
kernel not including .

Proof: Let y € N*[z] — {a} be arbitrary. If N~[y] = V(D). then y is the required
quasi-kernel. If N~[y] # V(D). let Q" be a quasi-kernel in D — N~[y]. If y dominates
a vertex in @, then @' is a quasi-kernel in D. which does not contain x. If y does not
dominate a vertex in @', then Q" U {y} is a quasi-kernel in D. which does not include .0

Theorem 2.2 A digraph D has only one quasi-kernel if and only if D has  sink and
every non-sink of D dominates @ sink of D. If o digraph D has only one quasi-kernel Q,
then Q is a kernel and consists of the sinks of D.

Proof: Assume that D h:
S be the set of sinks in D. To see that S is a
observe that every sink must be in a quasi-kernel.

a sink and every non-sink of I dominates a sink of D). Let
rnel of D, it is enough to

lique quasi-ke

Let D have only one quasi-kernel 2. To see that @ is the set of sinks in D, observe
that @ contains all sinks in D and, by Lemma 2.1, @ does not have non-sinks. If x is
a non-sink and & does not dominate a vertex in €, then Q U {«} is another quasi-kernel

of D). a contradiction. Thus, we have proved that D has a sink and every non-sink of I
dominates a sink of D. ]

In view of Theorem 2.2, the following assertion is a strengthening of the Jacob-Meyniel

theorem for the case of digraphs with no sinks.

Theorem 2.3 Let I be a digraph with no sink. Then D has precisely two quasi-kernels if
and only if D has an induced d-cycle or 2-eycle, C, such that no vertez of C dominates a
vertex in D —V(C) and every vertex in D —V(C') dominates at least two adjacent vertices
in C'.

Theorem 2.5 A strong digraph D of order at least three has at least three quasi-kernels,
unless D is €.

Proof: Immediate from the previous theorems, Theorems 2.2 and 2.3. o
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Theorem 2.6 Let D be a digraph. S the set of sinks in D. R the set of vertices that have

an arc into S, and H = D — S — R. Then D has precisely two quasi-kernels, if and only
if one of the following holds:

(a) There is a 2-cyele C in H such that at most one of the vertices in C' has an arc
into R. no vertex of C' dominates a verter in H — V(C'), and every vertex in H — V(C)
dominates both vertices in C'.

(b) There is an induced A-cycle, C, in H such that no vertex of C' dominates a vertea
in D — V(C) and cvery verter in H — V(C) dominates two adjacent vertices in C.

(¢) The digraph H has at least two vertices. There is o vertex @ in H such that no
vertex of H is dominated by i, all the vertices of H —x dominate x, i.e.. (V(H)—{x}.:
(V(H) = {x}) x {x}. and there is a kernel Q in H — x, consisting only of sinks in H — a.
Moreover, there is no are from Q to 1.

(d) The digraph H has exactly one vertex and this vertex dominates a vertex in R.

3 Disjoint quasi-kernels

If a digraph D has a sink @, then eves
digraph with sinks has no disjoint qu Howe
digraph with no sink has a pair of disjoint quasi-kernels
tly two quasi see the first
2.3. One can show that this is also true for every digraph which possesses a quasi-kernel

¢ quasi-kernel in D must contain . Hence, a

. one may suspect that ev
By Lemma 2.1, this is true for
aph in the proof of Theorem

nel

“rnels

of cardinality at most two.

Unfortunately, in general, the above claim does not hold. Consider the following
construction suggested to us by the referee. Let T be a tournament having the property
pair @,y of vertices there exi such that x—z and y—z. (The
such tournaments was first proved by Erdés [4]. see also Section 1.2 in [1]. It
Graham and Spencer [5] that some quadratic residue tourname
[1].) Extend T to a digraph D by adding,

vertex @ in T, a new vertex @' together with the are a'r.

s a verte:

1ch

its, see also Section 9.1

Clearly. D has no sink and every quasi-kernel of D) contains exactly one vertex in 7. If
@, and @, are a pair of quasi-kernels of D containing the vertices @ and y, respectively,
then they are not disjoint because they both have to contain z’, where r—z and y—z.

10

Scott Heard & Jing Huang (2008). Disjoint quasi-kernels in digraphs

Abstract: A quasi-kernel in a digraph is an independent set of vertices
such that any vertex in the digraph can reach some vertex in the set via a
directed path of length at most two. Chvatal and Lovasz proved that every
digraph has a quasi-kernel. Recently, Gutin et al. raised the question of
which digraphs have a pair of disjoint quasi-kernels. Clearly, a digraph has
a pair of disjoint quasi-kernels cannot contain sinks, that is, vertices of out-
degree zero, as each such vertex is necessarily included in a quasi-kernel.
However, there exist digraphs which contain neither sinks nor a pair of dis-
joint quasi-kernels. Thus, containing no sinks is not sufficient in general
for a digraph to have a pair of disjoint quasi-kernels. In contrast, we prove
that, for several classes of digraphs, the condition of containing no sinks
guarantees the existence of a pair of disjoint quasi-kernels. The classes con-
tain semicomplete multipartite, quasi-transitive, and locally semicomplete
digraphs. © 2008 Wiley Periodicals. Inc. J Graph Theory 58: 251-260, 2008
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We describe a simple linear time algorithm to construct a quasi-kernel in a digraph and
to find three quasi-kemels in digraphs without a kernel (giving constructive proofs of
known results of Chwital and Lovisz, or Jacob and Meyniel). However, we show that it
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digraph. The algorithm provides also a simple proof of the characterization of digraphs

with only two qu. rels given by Gutin_Koh, Tay and Yeo,
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