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Abstract

For any positive integers a, b, c,d, let Rq . q be the graph obtained from the complete
graphs K,, Ky, K, and K4 by adding edges joining every vertex in K, and K. to every
vertex in Kj and Ky. This paper shows that for arbitrary positive integers a, b, c and d,
every root of the chromatic polynomial of R, ¢4 is either a real number or a complex
number with its real part equal to (a+b+c+d—1)/2.
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1 Introduction

A ring of cliques is a graph whose vertex set is the disjoint union of cliques, arranged in a cyclic
order, such that the vertices of each clique are joined to all the vertices in the two neighbouring
cliques. If the cliques have size a1, a2, ..., a, then we denote this graph by Ry, 4,....a,- Figure 1

shows the graph R 3 3.

Graphs with this structure have occurred several times previously in the study of chromatic
polynomials and their roots. In particular, in proving that there are non-chordal graphs with
integer chromatic roots, Read [6] considered the graphs in this family with a; = 1 (and he also
used slightly different notation). Rings of cliques cropped up again recently in a preliminary

investigation of the algebraic properties of chromatic roots (Cameron [1]) and in the course
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Figure 1: The graph Ry 233

of this investigation, the chromatic roots of many of these graphs were computed. When the
chromatic roots of the ring-of-clique graphs with exactly four cliques and a fixed number of
vertices were plotted, an intriguing pattern was observed — all the complex chromatic roots
lie on a single vertical line. Figure 2 shows the union of the chromatic roots of the 12-vertex

graphs of the form Ry p 4.

Faced with such a striking empirically-observed pattern, we were led to explain it theoretically.
This appears to require a surprisingly intricate argument, but eventually we obtain the following

result:

Theorem 1 For arbitrary non-negative integers a, b, ¢ and d the chromatic roots of Ry p.cd

are either real, or complex with real part equal to (a +b+c+d—1)/2.

The overall structure of the argument is as follows: the chromatic polynomial P(Rgpc.d,A)
is first expressed as the product of linear factors and a factor Qupcq(A). It then suffices to
show that the complex roots of Qgpca(A) all lie on the vertical line R(A\) = (a + b+ ¢ +
d —1)/2 in the complex A-plane. Next the polynomial Fy, 4, (2) is defined to be Qg pc.a(z +
(a+b+c+d—1)/2) thus translating the vertical line supposed to contain the roots to the
imaginary axis and also reparameterizing the problem (in a somewhat counterintuitive way).
Then F,, p 4. is shown to be an even polynomial and we define a fourth polynomial W, , 4 » by
Wa7p7q7n(z:2) = F,p.qn(2). The proof is completed by demonstrating that W, ,, ;  is real-rooted
using polynomial interleaving techniques, and therefore Fy, , 4, has only real or pure imaginary

roots as required.
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Figure 2: Chromatic roots of the graphs Ry .4 where a + b+ c+d = 12.

2 Basics

For any graph G and any positive integer A, let P(G, \) be the number of mappings ¢ from
V(G) to {1,2,---, A} such that ¢(u) # ¢(v) for every two adjacent vertices u and v in G. It is
well-known that P(G, \) is a polynomial in A, called the chromatic polynomial of G.

The chromatic polynomial of a graph G has the following properties (see, for instance, [3, 5, 7,

8]), which we will apply later.

Proposition 1  Let G be a simple graph of order at least 2.

(i) If u and v are two non-adjacent vertices in G, then
P(G,\) = P(G 4+ uv, A) + P(G/uv, \), (1)

where G +wuv is the graph obtained from G by adding the edge joining u and v, and G /uv
is the graph obtained from G by identifying v and v and removing all parallel edges but

one.

(ii) If u is a vertex in G which is adjacent to all other vertices in G, then

P(G,\) = AP(G —u,\ — 1), (2)



where G — u s the graph obtained from G by removing u.

If a =0, Rypecq is a chordal graph and its chromatic polynomial is

P(Rop,cdas \) = %, (3)

and if ¢ > 1 and ¢ > 1, then applying Proposition 1 repeatedly yields that
P(Ra,b,c,du >\) = )\P(Ra—l,b,c,da A— 1) + CAP(RQ—I,b,C—Ldu A— 1) (4)

For a non-negative integer a and real numbers b, c and d, define a polynomial Qg c.q(2) in z

as follows: Qg p.ca(2) =1 and for a > 1,

Qapedz) =(z—b—c)(z—c—d)Qaq-1pcd(z —1)+c(z—a—c+1)Qu-1pc-14(z—1). (5)

It is clear that Qg p.c,q(2) is a polynomial of order 2a in z.

Proposition 2 Let a,b,c and d be any non-negative integers. Then

P(Ra,b,c,da >\) = %Qa,b,c,d()‘)' (6)

Proof. 1If a =0, then (6) follows from (3) and the definition of Qg q(A). Now assume that
a > 1. By (4) and induction, we have

P(Ra,b,c,da )‘) = )‘P(Ra—l,b,c,da A — 1) + CAP(RQ—I,b,C—Ld7 A — 1)

()‘ — 1)b+c()‘ — 1)c+d
= A a—1bedA—1
S Qa—1b,c,d( )
()‘ B 1)b+cfl()‘ _ 1)c+d71
+cA a—1be—1dA—1
O — Do Qa—1,b,c—1,d( )
Mote(AN)e
— M [(A=b—)(A—c—d)Qa—1pcalr—1)
()‘)a—f—c
+C()\ —a—c+ 1)Qa,1’b,cfl7d()\ — 1)] . (7)
The result then follows. O

Assume that (§) =1 and (¥) = z(z —1)--- (x — r + 1)/r! for any positive integer r and any

complex number x.

Proposition 3  For any non-negative integer a and real numbers b,c and d,

Quieal) = alima O [t T it [ () HC



Proof. 1t is trivial if a = 0 as Qopc,d(z) = 1. Now assume that a > 1. By (5) and induction,

Qa,b,c,d()\)
= A=A — e Qa1 peaA — 1) (A —a— et 1)Qu 10 1a(A— 1)

— (A_b_c)(x—c—d)(a—mcf{u(a—i_l)!(j)(A;E:I1>

1=0

()\;i;izl_1>()\—ai—c+z‘>}
+c(A—a—c+1)( a—l'ai{ a—i-1) (C;1><2:f:10>
<2:j:d )\—a—ic+i+1
S (e )\b12<)\cd )\>a}c+i
= (a—l)!;z!(a—l)!(a—l)Q)( a—i )( a—i )( i >
aoll(a—z—l)(l-i-l) (Z.jl)(2:?:9(2:§:f><A_a;f1+i+1>

i

: <a—”!:;'<a—l H()(A;if)(ti;d)(”;”i)

e ()L (L5
— a!izgi!(a—z‘n()( ;E;C>(A;i; )()\—ai—c—l—i) )

The result then follows. O

H

+(a—1)!

~—
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For any non-negative integer a and real numbers p, ¢, n, define

Fapon(2) = a'Zz' <a+qu_1><z+n:ﬂ_1><a_f>(2:g>' (10)

Then (8) and (10) implies that Qg pcd(z + (@ +b+c+d—1)/2) = Fopqn(z), where

p=0b+c—a—-d+1)/2
g=(c+d—a—-0b+1)/2 (11)
n=b+d—a—-c+1)/2.

In the next section, we shall show that Fy, 5, 4 » (%) is an even polynomial in z, and the polynomial
obtained from F,,,n.(2) by replacing 22 by z (i.e., Wy, 4n(2) defined on Page 9) has only
real roots for an arbitrary positive integer a and arbitrary real numbers p, ¢, n satisfying the
condition that p 4+ ¢,p + n and ¢ + n are all non-negative (see Proposition 10). This result
implies that every root of Fyp qn(2) is either a real number or a complex number with its real

part equal to 0 if a is a positive integer and p + ¢,p + n and g + n are all non-negative real



numbers. For arbitrary positive integers a, b, ¢,d, if a < min{b, c,d} and p,q and n are given
n (11), thenp+g¢=c—a+1>0,p+n=b—-—a+1>0and¢g+n=d—a+1>0. Since
Qapedlz+(a+b+c+d—1)/2) = Fypqn(2), where p,q and n are given in (11), the following

result is obtained.

Proposition 4  For arbitrary positive integers a,b,c and d, if a < min{b, c,d}, then every
root of Qap.c,d(z) is either a real number or a complex number with its real part equal to
(a+b+c+d—1)/2. Therefore, for arbitrary non-negative integers a,b,c and d, every root of
P(Rypcd,N) is either a real number or a complex number with its real part equal to (a + b+
c+d—-1)/2. O

3 The polynomial F,,,(?)

From the definition of F,, , 4.»(2), we have Fy ;4. n(2) = 1 and Fi  ¢n(2) = 22 +pg+pn+qn. We
shall show that F,, , ; »(2) has a recursive expression in terms of Fy_1 5 qn(2) and Fy_2p q.n(2).

We first prove two properties of F, p, n(2).

Proposition 5  For any integer a > 1 and arbitrary real numbers p,q,n, if p+ q =0, then

Fopan(z) = (2—p)(z — @) Fa1pt+1,4+1,0(2). (12)

Proof. For a > 1,

ity = ool )T

1=

= (z=p)z—q)(a—1)!

S a(?) ()N )

= (2=p)(z = @) X Fac1pt1,4+1,n(2). (13)

|
2

O

Proposition 6  For any integer a > 1 and arbitrary real numbers p, q,n,

Fopi1,gn(2) = Fapgn(z) = ala+n+q—1)Fo_1pi1,9n(2). (14)

Proof. For a > 1,

Fa,pH,q,n(z) - Fa,p,q,n(z)

_ a!;{i!(a—i)!(z—i_nji_l) (Z:j)
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= (n+q+a—1).
ol fz+n+i—-1\[ z2—q \fa+p+q—1\[/z—p—1
E illa—1—14)! ) , , _
; 1 a—1—1 1 a—1—1
=0
= ala+n+q—1)Fo1p110n(2). (15)

O

Now we can prove that Fp, ,,(2) can be expressed in terms of Fy,_1, 4n(2) and Fo_2, qn(2).

Proposition 7 Let p,q,n be arbitrary real numbers. For any integer a > 2,

Fopan(z) = (24 (a—1)(2p+2¢+2n+2a—3) +pg+ pn—+ qn)Fa_1pqn(2)
—(a=Dp+g+a=-2)(g+n+a-2)(p+n+a—2)Fo2pqn(2). (16)

Proof. By the definition of F, , .(2), we have Fp pqn(2) =1, Fipan(2) = 22 +pg+pn+qn
and
Fopan(z) = 2*+(2¢+2pq+ 14 2pn + 2p + 2gn + 2n)2* + pg® + pq
+an + ¢°n + p*¢* + p*n’ + p*q + dpgn + pn® + 2p°qn
+pn + 2pg®n + 2pgn® + qn® + ¢*>n? + p*n. (17)
Thus it can be verified that (16) holds when a = 2.

Assume that (16) holds for every integer 2 < a < k, where k > 3. Now consider the case that
a=k.

By the definition of F, p 4n(2), Faupqn(2) is also a polynomial of order a in p. Let ¢,n,z be
any fixed real numbers. If (16) holds for all numbers p in the set {—¢+r:r =0,1,2,---}, then

the result is proven.



By assumption on a, (16) holds for F,_1 _44+1,4+1,n(2) and thus

Fa—l,—q—‘,—l,q—i—l,n(z)
= (22 —5a+2an+2a%> +3—2n — qQ)Fa,27,q+1,q+1,n(z)
—(a=2)(a—1)(—g—2+n+a)(g—2+n+a)Fa3_gr14+1,n(2)

By Proposition 5, for any integer m > 1,

Fm,—q,q,n(z) = (Z2 - q2)Fm—1,—q+1,q+1,n(z)-
Hence

Fo_qqn(2) = (z2 —5a+ 2an + 2a> + 3 — 2n — qQ)Fa_L_qvq,n(z)

_(a - 2)(0’ - 1)(_q -2 +n+ a)(q -2 +n+ a)Fa—Q,—q,q,n(Z)v
implying that (16) holds for F, 4 4. (2).

In the remaining part of this proof, we shall show that if (16) holds for Fj , ;,(2), then (16)
holds for F, p11,4n(2). Assume (16) holds for Fy ;4. (%), and so

Fopan(z) = (24 (a—1)(2p+2q+2n+2a—3) +pg+ pn—+ qn)Fo_1pqn(2)
—(a=Dp+q+a-2)(g+n+a-2)(p+n+a—2)Fo2pqn(2). (18)

By assumption on a, (16) holds for F,_1 p41,4n(2) and so

Fo1pt1,4n(2)
= (Z®+(@—-2)2p+29+2n+2a—=3)+ (p+ D)(n+q) + qn)Fa2pr1,4n(2)
—(a—=2)p+q+a—-2)g+n+a—-3)p+n+a—2)F4_3pt14n(2). (19)

By Proposition 6, (19) and (19), we have

Fop+1,qn(2)

= Fopgn(z) tala+qg+n—1)F1pi1,4n(2)

= (24 (a—1)(2p+2¢+2n+2a—3) +pg+pn+ qn)Fu_1,pgn(2)
—(@a=Dp+egt+a-2)g+n+a-2)(p+n+a—2)Fa2pgn(2)
+ala+qg+n—1)Fo_1pr1,9n(2)

= (224 (a—1)2p+2q+2n+2a —3) +pq+ pn+qn)
(Fa—1pt1,gn(2) —(a=1)(a+q+n—2)Fy_2p414n(2))
—(a—1)(p+q+a—2)(g+n+a—-2)(p+n+a—2)
(Fa—2pt1,gn(2) — (@ =2)(a+ g+ n—3)Fa_3pt1,4n(2))
+ala+q+n—1)Fu1pr1,9n(2)



= (224 (a—1)2p+2q+2n+2a —3) +pq+ pn+qn)
(Fa—1pt1,gn(2) —(a=1)(a+q+n—2)Fy_2p414n(2))
—(a=Dp+g+a—-2)(g+n+ta—-2)p+n+a—2)Fu2pi1,4n(2)
+la—1)(a+qg+n—2)(—Fa1pt1,4n(2) +
(224 (a—2)(2p +2¢+2n+2a—3) + (p+ 1)(n+q) + qn)Fa—2pr1.4n0(2))
+ala+q+n—1)F,_1pr1,9n(2)

= (4 (a=1)2p+2¢+2n+2a 1)+ (p+1)(n+q) + qn) Fac1p41,4(2)
—(@=Dp+g+a-Ng+n+a=2)p+n+a—-1Fi2p14n(2)

Thus (16) holds for Fy ,11,4n(2). Hence (16) holds for Fy ;, 4, (2) for all numbers p in the set
{g+7r:r=0,1,2,---} and therefore the result is proved. a

Since Fpgn(2) = 1 and Fi p gn(2) = 22 4+ pg+ pn+ qn, Proposition 7 implies that Fj , 4 »(2) is
an even polynomial in z. For any non-negative integer a and real numbers p, ¢, n, let W, p, 4 n(2)
be the polynomial in z defined as follows: Wo p 4n(2) = 1, Wi pqn(2) = 2z + pg + pn + gn and
for a > 2,

Wa7p7Q7n(Z) - (Z + (a - 1)(2]? + 2(] + 2n + 2a — 3) + pq —I—pn + qn)Wa—l,p,q,n(z)
—(a-1p+q+ta=-2)g+n+a—-2)p+tn+a—-2)Waspgn(z). (20)

Thus it is clear that Fyp 4n(2) = Wapgn(2?).

For two non-increasing sequences (a1, asg,- -+, ay) and (by,ba, -+ ,by,) of real numbers, we say
the first interleaves the second if m = n + 1 and (a1,b1,a2,b2, -+, an, by, ant1) is an non-
increasing sequence, or m = n and (ay, b1, as, ba, -+, an,by,) is an non-increasing sequence. If
both polynomials f(z) and g(x) in = with real coefficients have only real roots and the non-
increasing sequence formed by all roots of f(x) interleaves the non-increasing sequence formed
by all roots of g(z), then we say f(z) interleaves g(x). We need to apply the following result
given in Section 1.3 of [4]. More details on polynomials with only real roots can be found in
2, 4].

Proposition 8 ([4])  Let f(z) and g(z) be polynomials with real coefficients and with posi-
tive leading coefficients and u and v be any real numbers. If f(x) interleaves g(x) and v < 0,
then (z — u)f(z) + vg(zx) interleaves f(x). O

Applying Proposition 8, we can get the following result.

Proposition 9  Let a be any positive integer and p,q,n be any real numbers.

1) If (p+q)(n+q)(n+p) >0, then Wa, qn(2) interleaves Wi p g ().



(i) Ifa>3, (p+qg+a—2)(g+n+a—-2)(p+n+a—2)>0 and Wa_1pqn(2) interleaves

Wa—2pqn(2), then We o n(2) interleaves Wo_1 4 q.n(2).

Proof. By the definition of W, p, q.n(2), Wi pqn(2) = 2+ pg+ pn + gn and

Wopan(2) = (2+2p+2¢+2n+ 14 pg+pn+qn)(z+ pg+ pn+ qn)
—(p+q)(g+n)(p+n). (21)

As the only root of Wi p4,(2) is —pg — pn — gn and Wap ¢ n(—pg —pn — qn) = —(p+ q)(n +
q)(n+p) <0, Wy pqn(2) interleaves Wi p 4 n(2). So (i) holds.

By Proposition 7,

Fopan(z) = (224 (a—1)(2p+2q+2n+2a —3) +pg +pn + qn)Fo_1,pgn(2)
—(a-1(p+q+ta-2)(g+n+a-2)(p+tn+a—2)Fozpqn(z). (22)

Since —(a —1)(p+qg+a—2)(¢g+n+a—2)(p+n+a—2) <0 and Wy_1p4n(2) interleaves
Wa—2.p.qn(2), Proposition 8 implies that W, ;, q.n (%) interleaves Wo_1 p 4 n(2). Hence (ii) holds.
O

Notice that W qn(2) = W gpn(2) = Wan,qp(2) holds for arbitrary real numbers p, ¢, n and

non-negative integer a, we assume that p < ¢ < n in the following.

Proposition 10  Let p,q,n be arbitrary real numbers with p < q < n and p+ q > 0. Then,
for every integer a > 2, Wy p 4 n(2) interleaves Wo_1p 4n(2). Therefore, for every positive
integer a, W p g n(2) has only real roots and every root of Fy, p 4 n(2) is either a real number or

a complex number with its real part equal to 0.

Proof. Since p+qg > 0and p < g < n, we have ¢+ n > p+n > 0 and so Proposition 9
(i) implies that Wy p 4 n(2) interleaves Wiy 4n(2). Then, by Proposition 9 (ii), Wep gn(2)

interleaves Wo_1 p 4n(2) for every integer a > 3. O

By the discussion immediately preceding Proposition 4, it follows that for all positive integers
a, b, ¢, d with a < min{b, ¢,d}, the hypotheses of Proposition 10 are satisfied and hence we

have proved Theorem 1.

4 Further properties of F,,,, and W, .,

Even if p + ¢ < 0, there are still some situations in which W, (%) has only real roots. In
this section we consider these, although they do not correspond to values of the parameters
a, p, ¢ and n that arise from rings of cliques. We need to apply the following result on the

factorization of Fy, p, gn(2) whena+p+n=1ora+p+n=2.

10



Proposition 11 Let a be an integer with a > 1 and p,q,n be arbitrary real numbers.

(i) Ifa+p+n=1, then

Fapan(z) = H( 2= (n+34)%) (23)
=0
(i) If a +p+mn =2, then
a—2
Fupan(2) = (2% + (0= D(n = 1) +aq) [[* = (n +5)). (24)
=0

Proof. (i) If a+p+mn =1, then

. a—1
. w[(Z2—DpP\[(z+n+i—1 .
' - ' =
il(a Z)'(a—i)( ; > I |(z+n+]).
Thus

Fapan(z) = a!iza;i!(a—i)!(a+qu—1><Z:ZZ>(Z:3><z+nji—1>
_ a!aHl(ernJrj)i(a+qu—1)(z:3>

5=0 =0
o at+p+qg—14+z2—g¢q
= ' y
a.H(z—i—n—i—j)( " )
7=0
a—1 s —n
= ' y
a.H(z—i—n—i—j)( . )
7=0
a—1
= [ =@+ (25)
=0

Thus (i) holds.

(ii) Now let a + p +n = 2. Since Fi p4n(2) = 2% + pg + pn + qn, it is easy to verify that (ii)
holds when a = 1. Assume that (ii) holds for any integer 1 < a < k, where k > 2. Now let
a=k.

Since a + p +n = 2, by Proposition 7,
Fopan(z) = (2 + (a—1)(2p+2¢ + 2n+2a — 3) + pg + pn + qn) Fo_1,pqn(2).

Asa—1+p+n=1, by (i) of this result, we have

a—2

Fafl,p,q,n(z) = H(Z2 - (n +])2)

J=0

11



Since p +n + a = 2, it can be verified that
(a—1)2p+29+2n+2a—3)+pg+pn+qn=(p—1)(n—1)+aq.

Hence (ii) also holds. O

Proposition 12  Let p,q,n be arbitrary real numbers with p < q < n.

(i) If p+ q is a negative integer, then for every integer a with a > 2 —p — q, Wy p g n(2)

interleaves Wo_1p qn(2).

(ii) If ¢ + n is an integer, then for every integer a with max{2,2 —q¢—n} <a <2—p—n,

Wap.qn(2) interleaves Wo_1 p g n(2).

Proof. (i) First consider the case that @ = 2 — p — ¢. Since p+ ¢ < —1, we have a > 3.

Proposition 11 implies that W, 5, 4n(2) interleaves Wo_1 5 g.n(2).

Now assume that a > 2 —p—q and W,_1,, q.n(2) interleaves Wy_2 4 n(2). Since a > 2—p—g,
we have a+p+q¢—2>1landsoa+qg+n—2>a+p+n—2>a+p+q—22>1. Thus
Proposition 9 (ii) implies that Wo 45 (2) interleaves W,_1 p 45 (2). Therefore (i) holds.

(ii) The result is trivial if max{2,2—q —n} > 2—p—n. Now assume that max{2,2—q¢—n} <
2—p—n.

Let @ = max{2,2 —q¢—n}. Then a > 2 — g —n, implying that a + ¢+ mn —2 > 0. We also have
a < 2—p—mn, implying that a+p+n—2 < 0and so a+p+q¢—2 < 0. If a = max{2,2—q—n} =2,
then Proposition 9 (i) implies that Ws , 4 n(2) interleaves Wi 5, 4 n(2), i.e., Wy p g.n(2) interleaves
Wa-1pgn(z). If a = max{2,2—q—n} =2—qg—n, then Proposition 11 implies that W, , 4 »(2)

interleaves Wo_1p g.n(2).

Now assume that max{2,2—¢—n} < a <2—p—nand Wy_1pqn(2) interleaves Wo_2 5, 4.n(2).
Note that max{2,2 —¢—n} <a <2—p—nimplies that a+¢+n—2>0and a+p+q¢g—2 <
a+p+n—2<0. Thus Proposition 9 (ii) implies that W, p, 4 n(2) interleaves Wq_1 5 q.n(2).
Therefore (ii) holds. O

By Proposition 12, the following result is obtained.

Proposition 13  Let a be a positive integer and p,q,n be arbitrary real numbers with p <
q < n. If one of the following conditions holds, then Wy p o n(2) has only real roots and therefore
every root of Fy p 4 n(2) is either a real number or a complex number with its real part equal to

0:

(i) p+ q is a negative integer and a > 1 —p — q; and

12



(ii) g+ n is an integer and max{1l,1 —qg—n} <a<2—p—n. O
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